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1. Introduction.—In a recent paper (hereafter quoted as I; see ref. 1), I studied
a family of Hilbert spaces,§. (n = 1, 2, ....), which may be described as follows:
The elements of §, are entire analytic functions f(z), where z = (23, 2o, .. ., 2,) is a

point of the n-dimensional complex Euclidean space C,. The inner product of two
elements f, f’ of §, is

(f) fl) = fcn f—TZ)f,(Z)d#n(Z)

) (1)
Apa(2) = 77" exp (—Zka|ze| Ydmdy: (2 = 2 + iya),
so that f belongs to §, if and only if (f,f) < =.
An orthonormal base of §, is given by
o () = T o @)
ml k mG!

where m = (my, ..., m,) denotes an n-tuple of nonnegative integers and k runs from

1 to n. Thus, every f € §. may be written as
f(2) = Znvimum ), 3)

and [|f||2 = Z|vm|% For every f € ., we have the inequality

lf@| < [flle?=?2  (22) = Zi|a|2 )

A characteristic feature is the existence of a family of “principal vectors” e, in
& such that for every f € §, and a € C,,

1@ = (€ f). )
The explicit form for e, is
e,(2) = exp (a, 2) (a, 2) = Ziaxzs. (6)
In I, §3d, the operators Y; and Z; (1 < 7 < n) were introduced, viz.,
o]
e =22 @ne - afe. Y

Y, and Z, are adjoint (with respect to the inner product (1)), and satisfy the com-
mutation rules,

[Y;, Zi] = ox, [Y;, Yi] = [Z;, Zi] = 0, (7a)

of the annihilation-and-creation operators for “bosons” in quantum theory.

At the end of I, the case of a countably infinite family Y, Z; was briefly considered,
without, however, interpreting the Hilbert space on which they operate as a func-
tion space.

It is the purpose of this note to sketch the construction of such a space, §,
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which may be considered a limiting case of the §,, and to survey, briefly, some of its
properties. A fuller and detailed account will appear in the Communications on
Pure and Applied Mathematics.

2. Definition of F..—We first change the notation by letting

m = (ml, ma, )

stand for an tnfinite sequence of nonnegative integers of which at most a finite

number are different from zero. The (countable) set of these sequences will be

called M. The n-tuples used above are in a one-to-one correspondence with the

elements of the subset M, of M containing those m for which m; = 0if k£ > n.
Similarly, we introduce infinitely many complex variables, and set

= (21, 22, )

The functions um)(2) are defined as before, for all m & M. (Since all but a finite
number of m; vanish, the product in equation (2) is finite.) For a set of coefficients
Yim1, €quation (3) defines a function f(z) provided the series converges. It follows
from the inequality (4) that the series in equation (3) converges absolutely if
Zulvm |2 < « aswell as T;|2:|2 < ». This suggests the following definition:

Let B be the Hilbert space of sequences z for which Z|z|? < «, and with inner
product (2,2") = ZiZ2’s. T 18 the Hilbert space of all functions

J(2) = 2, Syrimtim (2) (z € 3)

with complex coefficients yym satisfying Zn|vm|® < ®. The inner product of two
elements f, f’' € o s

£ ) = Za¥tm Y tm- ®

For two elements f, g of §=, f = g will mean that f(z) = ¢(z) for all 2.

It is easily seen that f determines the coefficients vy uniquely, and (8) is, there-
fore, a consistent definition.

The projections E,: Let Q, (n = 1, 2, ...) be the projection operator on 3 de-
fined by

Q2= (21,22 ... ,2,0,0, ...)
and introduce the projection E, on §. by

(Enf) (@) = f(@n2).

In particular E, upm = Ui if m € M, and it vanishes if m & M,. E,§. is iso-
morphic to ., and for every f € §., E.f converges strongly to f as n — . This
implies that for any two f, ' in §., (f, f/) = lim (E.f, E.f’) or, by equation (1),

n—> ©

(f,f) = lim S fz1, ..., 20,0, ... )21, ..., 22,0, ...)Aun(2) 9)

n—o

The inner product may thus be interpreted as the integral of ff’ over the Hilbert
space 8 (in Gaussian measure). For a general definition of such an integration
process, see Segal? and Friedrichs-Shapiro.? We are concerned here with a severely
restricted class of functions, so that the deeper and subtler problems of measure
theory in Hilbert space are not even touched upon, and equation (9) is sufficient
for our purpose.
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3. The Principal Vectors and the Linear Set . —If we define, for every a € 3,
e, by equation (6), then e, € §.., and relation (5) holds for every f € F... Setting
f = e,, one obtains from (5)

(€, &) = exp (b,a). (10)

The inequality (4) is an immediate consequence of (5) and (10) via Schwarz’ in-
equality.

{ is defined as the linear set of all finite linear combinations of principal vectors.
By (5), €is dense in §.. because only the zero vector is orthogonal to all e,. Many
results can, therefore, be easily established by verifying them for &, the extension to
&~ being straightforward. Thus, the following operators V,(a € 3) and Vs (S a
unitary operator on 3) may be shown to be unitary on §.:

(VaD)(2) = f(z = a) exp {(a,2) — V/2(a, 0)}; (11)
(Vs (@) = f(87%). (12)

(They correspond to the operators introduced in 7, §3a, and most of §3a may be
literally taken over.)

The definition of §. has been given with reference to a fixed coordinate system
in 8. The fact that Vg in (12) is a unitary operator on §.. allows us to conclude,
however, that the definition of F.—including of course the definition of the inner
product—is invariant under a unitary coordinate transformation in 3. (It would
be quite appropriate to write §[3] instead of §-..)

Alternative definition of F[3]: Utilizing the linear set &, one may give a definition
which, from the start, is independent of any coordinate system in 8. & is made into
a pre-Hilbert space by defining the inner product of two elements f = Z%_\;e,;,

f ' = Eg-lﬂkebk as
(f, 1) = Zjhue exp (by, a;)

in accordance with equation (10). $[3] is then obtained by completion.

This procedure can also be applied to a nonseparable Hilbert space 3. The re-
sulting §[3] differs relatively little from {., but in what follows we restrict our-
selves t0 .

Analytic properties of f(z): It is not surprising that the functions f(z) in §. turn
out to be analytic—according to the definition of analytic functions on a normed
vector space. (See Hille-Phillips,* chap. 3, sec. 3.) In view of equation (5), the
principal vectors provide a convenient tool for studying the analytic properties of
f(2). Thus, one obtains, for a complex variable A and two elements a, b of 3,

bY@ = o f(a + M) oo = (ea), GE)

where hy(2) = (b,2). (Equation (13) is identical with the expression &f(a,b) in
Hille-Phillips.) One can also derive simple estimates such as

[b-Vf(@)|? < [Ib]2(1 + lal|?) exp(llal?). -

In §. there exist infinitely many operators of the form (7). Their precise defini-
tion is essentially the same as in I, §3d.
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4. Connection with the Fock Representation.—(a) Polynomials in §.: Set, for
anym € M, |m| = Zym,. §. may be decomposed into the direct sum of mutually
orthogonal subspaces B, (9 = 0, 1, 2, ...) where B, is spanned by all u, with -
[m| = g. The functions f belonging to P, are homogeneous ‘polynomials” of
order g. (See reference 4, p. 760.) The principal vectors e® of P, are the pro-
jections of e, into B,, viz., €@ (2) = (a,2)%/g.

(b) Fock space: Let % be the standard Hilbert space of one-particle quantum
mechanics, i.e., the space of complex square integrable functions ¢(x). Here x is a
point in three-dimensional real Euclidean space, and dx denotes Lebesgue measure. -
Furthermore, we introduce the g-particle spaces ¥, (¢ = 2, 3, ...) of complex
~ square integrable symmetric functions ¢(zi, ..., z,) of g points, we set ¥; = %,
and we write ¥, for the one-dimensional Hilbert space of constants (or complex
numbers). (See, for example, Friedrichs,® §6.) The Fock space $[¥%] is the direct
sum of the ¥, (9 = 0, 1,2, ...). Its elements will be denoted by

® = (¢, ¢, ey Pgy ) (o0 € %),

and the inner product of two elements ®, &' is

@ #) = T (o0 o),

where (¢,, ¢,") is the inner product in ¥,. (This implies that & belongs to $[¥] if
(®, ) < ».) The subspace of the ® for which all ¢, = 0if kb # g will be identified
with %,. _

(¢) Basic vectors: Let vi(x), v2(x), ... be an orthonormal basis of ¥. From a
product v = v, ()ve(x2) ... vy(x,) (g 2 1) we obtain, by symmetrization and
normalization, the function w,;, where m € M, |m| = g, and m; is the number of
times the function v, appears as a factor in v (the “occupation number’’ of the state
vy). If we set, in addition, wy,; = 1, then wy, with |m| = g span %,, and all wi,
form a basis for the Fock space $[X]. (See Dirac,® §59.)

(d) Annihilation-and-creation operators: It will be convenient to introduce
X*, the dual of X. X* is, of course, itself a Hilbert space of square integrable func-
tions, say, {(x), and we write

¢o) = J ¢(@)o(x)dz.

g
We shall also set (@ = 1, {9z, ..., z,) = II {(z,), and write
i=1

“¢) = ¢,  and
<§(a)‘pﬂ> = f s f g-(ﬂ)(xl, ceey xﬂ)ﬂoﬂ(xl’ ERRE] xﬂ)dxl e dxﬂ'

The basis of X* dual to v; consists of the functions v,(z).
For every 8 € X*, we define the operators

AB =S Bx)¥(@)dz and A@)*=J BE)V*(z)dz

as follows. Let A(8)® = &', and A(B)*® = &”, for a vector ® in Fock space.
Then,

(00,(171) ceey xﬂ) = (1 + 9)1/2." §9a+l(x17 ceey xhx)ﬂ(x)dx; (14(1)
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(00' =0, —_
S’v'(xl’ ) z,) = g—1/225=1¢”_1(x1’ <oy Ta—1y Tatly - - -y xa)ﬂ(xa) (14b)
(g 2 D).
The functions ¢,” and ¢,” belong to ¥%,, and ® is in the domain of 4 (8) (or A(8)*)
if and only if 27 [l¢,’[|* < © (or Z7[le,"]* < «).
() Mapping of the Fock space onto §..: A unitary mapping D of H[X] onto ..
is defined by .

Dw[,,,1 = Ulm] (fOI' allm € M) (15)

Clearly, DX, = PB,. If & = Z,vmWim), then f = D® = Z,ypmum. In order to
express f(z) in terms of the ¢,, we introduce the following unitary mapping A of
X* onto 8. Letz = A{; then,

2= (fv) or ¢(x) = ZTozwi(T). (15a)

It can be shown that with these definitions, for f = D®,
f@) = 25N ¢ D) (2 = A}). (15b)
Since D is unitary, [|f]|2 = Z,|lesll2. (The series in (15b) converges absolutely for

every z.)

It remains to determine the transforms of the annihilation and creation operators
A and A*. Let b = AB,and A’(b) = DAB)D-. If nowf = A’(b)f, and f* =
(A’b)*f, then

@) = b:-9f(@2), f'() = 0,)f (). (16)

Again f belongs to the domain of A’ (or (4')*) if f (or f”) belongs to F.. (Inci-
dentally, the domains of A’(b) and (A’(b))* coincide.) The operators Y; and Z;
of equation (7) are, respectively, the transforms of 4(7;) and (4(3,))*.

The construction (15b) has already been developed by Fock (ref. 7, equation (5),
p. 429). More precisely, our f corresponds to his @, our { to his . Similarly, our
equation (16) corresponds to Fock’s equations (13), p. 431, and (14), p. 432.

Friedrichs’ procedure (ref. 5, §12) is also analogous to this construction, the main
difference being that the mapping (15b) is onto a complex Hilbert space and onto
analytic functions.

Remark: The precise nature of X is irrelevant, and the mapping (15b) could
just as well be defined for the more abstract formulation of Cook® and Segal.?
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1. Let (Z, & p) be a complete totally o-finite measure space and E a Banach
space. Foreach 1l < p < = denote by £ the vector space of all (Bochner) measur-
able mappings f of Z into E for which z — Hf(z)“” is w-integrable; here £F is
endowed with the semi-norm f — ”f”,, = (fZHf(z)””du(z))””. Denote by L%
the associated separated (Banach) space and by f — f the canonical mapping of
£% onto L. Let $g be the vector space of all functions which are bounded and
belong to £k; here Sz is endowed with the semi-norm f — H f” . = ess
sup,;sz(z)H. Denote by Sg the associated separated (normed) space and by
f = f the canonical mapping of S onto Sg.

Let © be the set of all linear mappings 7' of S, into Sg such that! |7, < 1
and HT[ » < 1. Then HTH,, < lforalll < p< «; hence, T can be extended by
continuity to L} (we denote the extension by the same letter). Ior 7 € D and
£ 0 = U, <,<.. £% we denote by Tfa (determined) representative of the class T7.

2. Let Ty, Ty, ..., Ty € D; consider the conditions:
1) To=1;
() T.T, = T,T:fori,j €10, 1,... k};
B) TsTsps = Tyforj€{0,1,...,k — 1}.
We define 79 = [ forallj € {0,1,...,k}. Foreach function f € U and each a >
0let G(a) = {z[f(2)]| > a}.
THEOREM 1. Let Ty, Ty, ..., Tp € D be k + 1 operators satisfying the condi-

tions (1), (2), (3). For each f €V and each a > 0, define
Gia) = {d sups o, maen[[(T5 + T) + .. + TSR/ (0 + D] > af.

Then, for cach set F € & verifying (except for sets of measure zero) the relations
Gsa) C F C G;(a) we have

aw(F) < S ellf@ldue) < .2

CorOLLARY 1. Let T € ©. For each f € U and each a > 0, define
Ef(a) = {2 supuen|[(T° + T' + ... + T"f(2)/(n + 1) ||> a}.
Then,
w(E}@) < S gwllf@du@) < «.

Corollary 1 follows from Theorem 1 if we take k = 1, Ty = I, T, = T and F =
Ef(a).



